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Finite volume methodThis work presents a numerical study of the 4:1 planar contraction ﬂow of a viscoelastic ﬂuid described
by the simpliﬁed Phan-Thien–Tanner model under the inﬂuence of slip boundary conditions at the chan-
nel walls. The linear Navier slip law was considered with the dimensionless slip coefﬁcient varying in the
range ½0;4500. The simulations were carried out for a small constant Reynolds number of 0.04 and Deb-
orah numbers (De) varying between 0 and 5. Convergence could not be achieved for higher values of the
Deborah number, especially for large values of the slip coefﬁcient, due to the large stress gradients near
the singularity of the reentrant corner.
Increasing the slip coefﬁcient leads to the formation of two vortices, a corner and a lip vortex. The lip
vortex grows with increasing slip until it absorbs the corner vortex, creating a single large vortex that
continues to increase in size and intensity. In the range De = 3–5 no lip vortex was formed. The ﬂow is
characterized in detail for De ¼ 1 as function of the slip coefﬁcient, while for the remaining De only
the main features are shown for speciﬁc values of the slip coefﬁcient.
 2014 Elsevier B.V. All rights reserved.1. Introduction
In industrial processes, such as those involved in polymer pro-
cessing, the existence of contraction ﬂows is very common. The
development of vortices in these geometries affects the smooth-
ness of the ﬂow and promotes the appearance of instabilities, as
reported by Kim and Dealy [1] and Miller et al. [2]. The ﬂow
through a 4:1 planar sudden contraction under conditions of
creeping ﬂow and no wall slip is a long standing classic benchmark
problem in computational rheology [3].
A wide range of experimental, theoretical and numerical studies
have been carried out in the past regarding contraction ﬂows of
Newtonian and non-Newtonian ﬂuids. For the experimental work
we highlight the book of Boger and Walters [4] where most of
the relevant non-Newtonian ﬂow phenomena are illustrated. Other
interesting ﬂow dynamics features, related to elasticity, were also
reported experimentally, as the divergent streamlines [5], charac-
terized by a strong curvature of the upstream streamlines moving
away from the centerline towards the duct walls; the cat’s ears
phenomenon found in smooth contraction ﬂows [6,7], where the
nearly 2D ﬂow suddenly exhibits strong velocity overshoots nearthe walls at the contraction region; and the secondary ﬂow inver-
sion observed in 3D square/square contractions [8,9], in which the
ﬂow direction inside the separated ﬂow region is reversed due to
viscoelasticity. Extensive literature reviews of experiments in con-
traction ﬂow were presented by McKinley et al. [10] and Owens
and Phillips [3], where they show that, for some shear-thinning ﬂu-
ids, there is corner vortex enhancement following the formation of
a lip vortex, which initially grows and subsequently merges with
the corner vortex, whereas for Boger ﬂuids the lip vortex mecha-
nism is absent and the corner vortex keeps growing with De. For
all ﬂuids the steady single corner vortex keeps growing with De
until the ﬂow eventually becomes unsteady above a critical De.
In terms of theoretical investigations of viscoelastic ﬂow in the
vicinity of the reentrant corner in a planar contraction we highlight
the works by Hinch [11], Renardy [12] and a series of investiga-
tions by Evans and Sibley [13,14]. In terms of numerical simulation
the monograph by Owens and Phillips [3] gives a detailed overview
of the progress in numerical analysis, and an in depth review on
the pioneering numerical works can be found in Keunings [15].
There are several other important works on contraction ﬂows, such
as Refs. [5,9,16–22].
All these works assume the usually employed no-slip boundary
condition at the walls. The few exceptions that we are aware of
regarding contraction ﬂows with wall slip, are the numerical works
of Sunarso et al. [23,24] investigating the effect of wall slip on the
tu
nu
yΔ
P
wall
n
t
xΔ
u
nδ
Fig. 1. Computational cell near the wall.
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Sugiura’s [25] experimental and numerical studies of contraction
ﬂows with the nonlinear Navier slip boundary condition, and the
analytical study of inertialess planar contraction ﬂow of Joshi and
Denn [26] with the linear Navier slip boundary condition. Although
Sunarso et al. [23,24] have analyzed this problem, they used a dif-
ferent constitutive equation (single mode FENE-P model) and their
investigation is limited to a small range of slip coefﬁcients.
The challenge of establishing quantitative agreement between
the numerical results and the experimental observations is a
demanding need [27] and this cannot be achieved if the correct
boundary conditions are not applied. It is known that various poly-
mer melts exhibit wall slip [28–30] but when modeling viscoelas-
tic ﬂows, wall slip velocity is usually not taken into account. It is
therefore important to assess the inﬂuence of wall slip velocity
on the ﬂuid ﬂow and, for that reason, this work presents a numer-
ical study of the 4:1 contraction ﬂow with the Navier slip boundary
condition for a large range of dimensionless slip coefﬁcients,
kl 2 ½0;4500, and Deborah numbers, De 2 f0;1;2;3;4;5g. This
geometry was chosen in order to investigate the direct inﬂuence
of the slip velocity by analyzing the vortex sizes. Both Newtonian
and non-Newtonian ﬂuids modeled by the simpliﬁed PTT model
(sPTT) are studied. A detailed study of the ﬂow characteristics,
focusing on the inﬂuence of wall slip velocity coefﬁcient on the
vortex growth, intensity and sizes is provided. For such purpose,
we use an efﬁcient procedure that calculates the slip velocity along
the iterations of the numerical procedure, by incrementally
increasing the slip velocity, so that a smaller slip velocity than
the velocity at the center of the nearest computational cell, is
obtained (a necessary condition to avoid numerical divergence
[31]).
This introduction is followed by Section 2 where the governing
equations together with the wall slip boundary condition
employed are presented. In Section 3 we brieﬂy describe the algo-
rithm used to solve the governing equations and we present the
geometry and the ﬂow characteristics. The results are presented
and discussed in Section 4, divided into three parts: ﬁrst, the slip
ﬂow is analyzed for Newtonian ﬂuids, followed by a detailed inves-
tigation of the ﬂow of the sPTT ﬂuid for De ¼ 1 and ﬁnally the main
ﬂow features for the remaining studied Deborah numbers. The
main conclusions close the paper.
2. Governing equations
The governing equations for conﬁned ﬂow of incompressible
ﬂuids are the continuity,
r  u ¼ 0 ð1Þ
and the momentum,
q
@u
@t
þ qr  uuð Þ ¼ rpþr  s ð2Þ
equations, where u is the velocity vector, p is the pressure, q is the
ﬂuid density and s ¼ ss þ sp is the deviatoric stress tensor. The
stress tensor is given as a sum of a solvent contribution,
ss ¼ gs ruþ ruð ÞT
 
(where gs is the solvent viscosity) and a
polymer contribution, sp, which in this case is described by the
simpliﬁed Phan-Thien–Tanner (sPTT) model [32]:
f trsp
 
sp þ k @sp
@t
þ u  rsp  ruð ÞT  sp þ sp  ru
h i 
¼ gp ruþ ruð ÞT
 
ð3Þ
where f trsð Þ is a function depending on the trace of the stress ten-
sor, k is the polymer relaxation time and gp is the polymer viscosity
coefﬁcient. For the function f trsð Þ we use its linear form, given byf trsp
  ¼ 1þ ek
gp
tr sp
  ð4Þ
where e is the extensibility parameter that bounds the steady-state
extensional viscosity of the sPTT ﬂuid. This constitutive equation
was chosen because it has been extensively studied in contraction
ﬂows in the absence of slip (see Alves et al. [20] and the literature
cited therein).
In order to include the wall slip boundary condition, the usual
no-slip boundary condition u ¼ 0ð Þwas replaced by the Navier slip
law [33] at the wall,
uwall ¼ kl n  s n  sð Þ  n½ nf g ð5Þ
where n is the unit normal vector at the boundary, and kl 2 ½0;þ1Þ
is the slip coefﬁcient that controls the intensity of wall slip velocity.
Eq. (5) states that the wall velocity uwall (tangent to the wall) is in
the opposite direction to the surface traction force n  s.
3. Numerical method and geometry
The system of Eqs. (1)–(3) is solved using a methodology based
on the ﬁnite volume method algorithm. The SIMPLEC method of
Van Doormaal and Raithby [34], extended by Oliveira et al. [35]
to incorporate viscoelastic ﬂuids, is used to couple velocity, pres-
sure and stress ﬁelds [35]. The efﬁcient handling of slip boundary
conditions requires some changes in the overall procedure that
are now described. For simplicity and ease of understanding we
assume a 2D ﬂow and the existence of slip velocity at a north wall
face (see Fig. 1).
The discretization of the continuity equation, Eq. (1), results in
the ﬂux balance for each computational cell (see [35] for more
details). Because there is no ﬂuid crossing the impermeable wall
ðu  n ¼ 0Þ, the assumption of slip velocity does not alter the usual
discretization (considering the no-slip boundary condition) of this
equation. In the discretization of the momentum equation, Eq. (2),
the only term that is affected by the slip velocity is the diffusive
term and the boundary at the wall, that comprises the contribution
from both the solvent and the polymer.
The integration of the 2D momentum equation, speciﬁcally the
second term on the right-hand-side of Eq. (2) leads to the following
expressions, for x and y momentum equations, respectively,Z
V
r  sxxp ; sxyp
h i
dV þ
Z
V
r  gs 2
@u
@x
;
@u
@y
þ @v
@x
  	
dV ð6Þ
Z
V
r  sxyp ; syyp
h i
dV þ
Z
V
r  gs
@v
@x
þ @u
@y
;2
@v
@y
  	
dV ð7Þ
The use of the Gauss theorem results in the following
discretization,
sxyp þ gs
@u
@y
þ @v
@x
  
wall
Awall  sxyp þ gs
@u
@y
þ @v
@x
  
s
As
þ sxxp þ 2gs
@u
@x
 
e
Ae  sxxp þ 2gs
@u
@x
 
w
Aw ð8Þ
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@v
@y
 
wall
Awall  syyp þ 2gs
@v
@y
 
s
As
þ sxyp þ gs
@v
@x
þ @u
@y
  
e
Ae  sxyp þ gs
@v
@x
þ @u
@y
  
w
Aw ð9Þ
where A stands for the area of the control volume face. For the eval-
uation of sxy and syy at the wall, linear extrapolation was chosen.
Note that because we use a non-staggered collocated grid, the stres-
ses are calculated at the center of the control volumes.
For the evaluation of gs @u@y and gs
@v
@y at the wall, we can use, for
example, a one-sided ﬁrst-order ﬁnite difference,
@/
@y
 
wall
¼ /wall  /P
Dyf
þ OðDyÞ; ð10Þ
where / ¼ u for the x-momentum equation and / ¼ v for the
y-momentum equation, and Dyf represents the cell half-width in
the wall normal direction. For the particular case of the cell used
to illustrate the calculation process (see Fig. 1) for the x-momentum
equation the variable uwall corresponds to the slip velocity that
results from the slip model, while vwall ¼ 0 and consequently
@v
@x
 
wall
¼ 0.
The solution of the constitutive equation is also affected by the
slip velocity. Consider Eq. (3) written in Cartesian coordinates (for
simplicity the subscript p is dropped in the Cartesian components
of the polymer extra stress),
f trsp
 
sxx þ k @sxx@t þ u @sxx@x þ v @sxx@y
 
¼ 2gp @u@x þ 2k sxx @u@x þ sxy @u@y
 
f trsp
 
sxy þ k @sxy@t þ u @sxy@x þ v @sxy@y
 
¼ gp @u@y þ @v@x
 
þk sxx @v@x þ syy @u@y þ sxy @u@x þ @v@y
  
f trsp
 
syy þ k @syy@t þ u @syy@x þ v @syy@y
 
¼ 2gp @v@y þ 2k sxy @v@x þ syy @v@y
 
8>>>><
>>>>>:
ð11Þ
At the computational control volume bordering the wall, the
left-hand-side of this system of equations is not inﬂuenced by
the slip velocity, as shown in the discretization given below (for
a general stress component sij)
DVf trsp
  
PsijP þk
DV sijP s0ijP
 
Dt
þk Fesije Fwsijw þFnsijn Fssijs
  ð12Þ
where Ff is the ﬂow rate that crosses face f (with f equal to e;w;n
and s). For the cell under consideration Fn is null. In the discretiza-
tion of the transient term, we consider a ﬁrst-order Euler method.
We note that the ﬁrst-order of this integration has no inﬂuence in
the accuracy of the steady-state results reported in this work.
The discretization of the right-hand-side of Eq. (11) in a cell
with a north wall face is given by,
2gp DVdx ue  uwð Þ þ 2kDV sxxP ueuwdx þ sxyP uwallusdy
 
gp DVdy uwall  usð Þ þ gp DVdx ve  vwð Þ þ kDV sxxP vevwdx

þsyyP uwallusdy þ sxyp ueuwdx þ vwallvsdy
 
2gp DVdy vwall  vsð Þ þ 2kDV sxyP vevwdx þ syyP vwallvsdy
 
8>>>><
>>>>:
ð13Þ
where uwall is the slip velocity evaluated with the slip model and
vwall ¼ 0 (for a north wall). Note that for an east wall cell face we
would have uwall ¼ 0 and vwall – 0.
In order to determine the slip velocity we need to use the slip
model, here given by Eq. (5). For the particular geometry used in
our simulations, which is a contraction, we only have walls at
the north and east cell faces. For a north wall cell face we have that,
uwall;vwall½  ¼kl sxyp þgs
@u
@y
;0
 	
wall
kl sxyp þgs
uwalluP
Dyf
;0
" #
wall
ð14Þand for an east wall cell face we obtain,
uwall;vwall½  ¼ kl 0; sxyp þ gs
@v
@x
 	
wall
 kl 0; sxyp þ gs
vwall  vP
Dxf
 	
wall
ð15Þ
where sxyp is the polymeric shear stress at the wall, obtained by lin-
ear extrapolation of the shear stresses at the nearest cell centers in
the normal direction.
To solve the system of equations the following iterative proce-
dure is used:
(1) Set the boundary conditions, the initial (tentative)
velocity, stress and pressure ﬁelds.
(2) Solve the extra-stress equations for the non-Newtonian
model, Eqs. (12) and (13).
(3) Compute the wall-slip velocity with the discretized slip
model, Eqs. (14) and (15).
(4) Solve the linearized momentum equations.
(5) Solve the pressure correction equation.
(6) Correct the velocity and pressure ﬁelds.
(7) Check for convergence of the residuals of the linear system
of discretized equations.
(8) If convergence is not achieved return to step 2 at new time
level and repeat until convergence.
Since we are looking for the steady state solution the use of a
pseudo-time evolution is only for relaxation purposes, i.e., each
time step represents one iteration i.
Since there is no control over the evolution and growth of the
slip velocity, for most cases it is mandatory to use under-relaxa-
tion, uiws ¼ Ruiws þ 1 Rð Þui1ws , with 0 < R < 1. The relaxation factor
R can be a function of the difference between the slip velocity and
the velocity at the center of the nearest computational cell,
uP  uwsj j (an essential condition for convergence is uws < uP
[31]), resulting in the use of signiﬁcant under-relaxation factor at
the beginning of the iterative process, which can subsequently be
reduced as the numerical solution converges. We also used as con-
vergence criteria in step 7 (besides the usual convergence criteria
based on the residuals of the momentum, pressure and constitu-
tive equations), the residual, Res, resulting from the difference
between the slip velocity evaluated by Eqs. (14) and (15) and the
slip velocity obtained from the use of classical relaxation. This
new residual is given by,
Res ¼
X
j
Res jð Þ ð16Þ
where j index spans over all wall cell faces (north and east faces for
the present case study).
Note that in a previous work [31], we proposed a different
method to calculate the slip velocity at the wall. That method is
more stable, but at the cost of neglecting stress advection at the
wall. The method described in [31] provided slight different results
when compared to the more accurate method proposed in this
work, when considering viscoelastic ﬂuids.
3.1. Geometry
The geometry of the 4:1 contraction used in the present study is
given in Fig. 2. The computational domain was divided into ﬁve
blocks (see Table 1 and Fig. 2) and only half of the channel is con-
sidered because of symmetry. We use three different meshes (MC1,
MC2 and MC3 – Table 1). Reﬁnement between consecutive meshes
is consistently done by doubling the number of cells in each
1U
2U
100H250H2
Rx
Ry
Lipy
H2
H1
x
yθ
Fig. 2. Schematic representation of the 4:1 contraction geometry.
Fig. 3. Zoomed view of mesh MC3.
Fig. 4. Flow patterns as function of the dimensionless slip coefﬁcient kl for a
Newtonian ﬂuid at Re ¼ 0:04.
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tors. The notation nx and ny is used to represent the number of cells
in the x and y directions, respectively, f x and f y are the contraction/
expansion ratios between sizes of consecutive cells that allow to
adjust the concentration of cells in zones where high gradients
are expected to occur. The most reﬁned mesh (MC3) has 199,344
cells and a zoomed view of the more reﬁned zone is shown in
Fig. 3. More details regarding these three meshes can be found in
Table 1. The simulations were performed for the sPTT model at a
constant Reynolds number, Re ¼ qU2H2=g0 ¼ 0:04 and varying
Deborah numbers, De ¼ kU2=H2 (De ¼ 0;1;2;3;4 and 5) with
e ¼ 0:25 and a viscosity ratio b ¼ gsg0 ¼
gs
gsþgp ¼
1
9.
4. Results and discussion
4.1. Newtonian ﬂuids
4.1.1. Vortex size and intensity
For Newtonian ﬂuids De ¼ 0ð Þ the increase of the slip coefﬁcient
leads to a signiﬁcant variation of the vortex intensityWR and vortex
sizes XR ¼ xR=H2 and YR ¼ yR=H2 (cf. Fig. 2). The vortex intensity is
deﬁned as the ﬂow rate per unit depth inside the vortex normal-
ized by the ﬂow rate per unit depth at the entrance, U1H1:
WR ¼ wR  U1H1U1H1  10
3 ð17Þ
where wR is the streamfunction value at the vortex center (we con-
sider wR ¼ 0 at the centerline, y ¼ 0). As shown in Figs. 4 and 5, the
vortex decreases with the increase of the slip coefﬁcient and it dis-
appears at kl ¼ klg0H2  50. Regarding the vortex intensity, we found
that it increases from kl ¼ 0 to kl  0:5 and then decreases until
vanishing when kl further increases. For a small amount of slip
the ﬂow is essentially affected only in the vicinity of the wall where
there is a reduction of the shear rates with accompanying reduc-
tions in dissipative friction, thus increasing the vortex strength
while the vortex remains essentially unchanged (cf. Fig. 4). As kl
is further increased the slip effect penetrates further into the chan-
nel and leads to a reduction in size and consequently in the strength
of the recirculation. With a very large slip coefﬁcient, the ﬂow
behaves essentially as an inviscid ﬂuid ﬂow, which is able to nego-
tiate all the obstacles and no recirculation develops.Table 1
Mesh characteristics for MC1, MC2, MC3.
Zone MCI MC2
f x f y nx ny f x f y
1 0.93500 0.95950 87 36 0.96695 0.
2 0.93500 1.04860 87 47 0.96695 1.
3 0.93500 0.92700 87 18 0.96695 0.
4 1.06952 0.95950 87 36 1.03418 0.
5 1.00000 0.95950 15 36 1.00000 0.
1
2
3
4 5
no cells 12459 no
(D/H)min 0.010 (D4.1.2. Singularity behavior (variation along the line h ¼ p=2)
In all Newtonian ﬂuid ﬂow cases there was no lip vortex and
this allowed the measurement of the asymptotic variation of the
stress and velocity components in the vicinity of the reentrant cor-
ner at h ¼ p=2 measured counterclockwise from the incoming ﬂow
direction (cf. Fig. 2). This way we can compare our results with the
theoretical studies of Moffatt [36], and Dean and Montagnon [37],
for the asymptotic behavior of a ﬂuid near the reentrant corner
(Fig. 6). These authors found that the asymptotic behavior of veloc-
ity and stress components near the reentrant corner are given by
[37],
ui / r0:545; sij / r0:455 ð18Þ
where r is the distance measured from the reentrant corner. In Fig. 6
we can see a good agreement between the no slip numerical resultsMC3
nx ny f x f y nx ny
97950 174 72 0.98334 0.98972 348 144
02400 174 94 0.98334 1.01193 348 188
96280 174 36 0.98334 0.98123 348 72
97950 174 72 1.01694 0.98972 348 144
97950 30 72 1.00000 0.98972 60 144
cells 49836 no cells 199344
/H)min 0.005 (D/H)min 0.0025
XR
ϑ R
kl*
X R
 ,
R
XR
R
Fig. 5. Variation of the vortex dimension XR and vortex intensity WR with the
dimensionless slip coefﬁcient kl for Re ¼ 0:04 and De ¼ 0. Results computed with
mesh MC3.
(a)
(b)
Fig. 7. Variation of the Couette correction with the dimensionless slip coefﬁcient
for a Newtonian ﬂuid at Re ¼ 0:04. (a) Couette correction ðCÞ normalized with 2sw .
(b) Couette correction Cð Þ normalized with the wall shear stress from the no-slip
case, 2swno slip . Results computed with mesh MC3.
32 L.L. Ferrás et al. / Journal of Non-Newtonian Fluid Mechanics 214 (2014) 28–37(kl ¼ 0) and those predicted by Eq. (18) which allow us to conﬁrm
the accuracy of the numerical results.
4.1.3. Couette correction
In order to investigate the entry viscous losses, we also studied
the variation of the Couette correction with the slip coefﬁcient.
The Couette correction is given by [38],
C ¼ Dp Dp1FD  Dp2FD
2sw
ð19ÞFig. 6. Asymptotic behavior for the velocity and stress components near the reentrant corner of a 4:1 contraction, for a Newtonian ﬂuid with Re ¼ 0:04 and kl ¼ 0.
Fig. 8. Variation of the normalized real pressure drop, Dp, normalized Dp1FD and
normalized Dp2FD , with the slip coefﬁcient, for a Newtonian ﬂuid at Re ¼ 0:04. kl*
X R
 
R
(a)
(b)
kl*
Fig. 9. Variation of the vortex dimension XR (a) and vortex intensityWR (b) with the
slip coefﬁcient kl for an sPTT ﬂuid with e ¼ 0:25; Re ¼ 0:04 and De ¼ 1.
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the exit of the contraction (in regions where the ﬂow is fully-devel-
oped), Dp1FD; Dp2FD denote the pressure drop for fully developed
Poiseuille ﬂow in the entry and exit channels (between the same
points considered for Dp), with widths H1 and H2, respectively,
and sw is the total wall shear stress (encompassing both solvent
and polymer contributions) for fully-developed ﬂow in the exit
channel. A non-linear relationship between C and kl is observed,
as shown in Fig. 7(a). For small values of the slip coefﬁcient we
observe a slight increase in C followed by a sudden exponential
increase. For kl ¼ 0 we obtained a value of C ¼ 0:3786
(C ¼ 0:3741 was obtained by Alves et al. [19] for Re ¼ 0) while for
kl ¼ 4500 we obtained C ¼ 6856. These high values of the Couette
correction are mainly an outcome of the small values of sw (a con-
sequence of the increase of the slip coefﬁcient) used in the normal-
ization of Dp. Therefore we also plotted in Fig. 7(b) the modiﬁed
Couette correction, C, normalized with the wall shear stress
obtained from the no-slip case, swno slip. In this case, for k

l ¼ 4500
we obtained a value of C ¼ 0:5078.
In order to understand why C increases with kl , we plotted
separately in Fig. 8 the three terms that make up C, i.e., the nor-
malized real pressure drop Dp2swno slip
 
and the normalized Dp corre-
sponding to fully-developed ﬂow in the upstream Dp1FD2swno slip
 
and
downstream channels Dp2FD2swno slip
 
. It is clear that by increasing the
slip coefﬁcient these fully-developed pressure drops decrease sig-
niﬁcantly faster (and even tend to zero) than the reduction in the
overall pressure drop, which includes the non-negligible entry
pressure drop due to the strong extensional ﬂow at the contraction.Table 2
Vortex dimensions, intensity and Couette correction for an sPTT ﬂuid ﬂow with e ¼ 0:25,
engulfs the corner vortex).
kl XR MC3 Error (%) WR MC3 Error (%
0.0000 1.5180 0.077 1.2800 0.321
0.0045 1.5170 0.079 1.2830 0.323
0.0090 1.5149 0.067 1.3174 0.291
0.0180 1.5109 0.052 1.3851 0.261
0.0270 1.5073 0.058 1.4534 0.258
0.0360 1.5041 0.067 1.5218 0.178
0.0450 1.5011 0.077 1.5907 0.180
0.0900 1.4899 0.107 1.9412 0.298
0.1800 1.4794 0.120 2.6968 0.518
0.2700 1.4779 0.139 3.5460 0.610
0.3600 1.4806 0.180 4.7771⁄ 0.987
0.4500 1.4848 0.196 6.2221⁄ 0.945
4.5000 1.5516 0.143 25.536⁄ 0.708
45.000 1.5667 0.271 31.633⁄ 0.907
450.00 1.5684 0.280 32.361⁄ 0.939
4500.0 1.5685 0.281 32.435⁄ 0.9434.2. Viscoelastic ﬂuid
4.2.1. Small elastic effects: De = 1
4.2.1.1. Vortex size, intensity and Couette correction. Table 2 presents
the dimensionless vortex dimension XR, vortex intensity WR and
Couette correction C together with the relative error (relative dif-
ference between the results obtained with mesh MC3 and the
results of mesh MC2) for the 4:1 contraction ﬂow at De ¼ 1.Re ¼ 0:04; De ¼ 1 (the values with  are the results obtained for the lip vortex, that
) CMC3 Error (%) CMC3 Error (%)
0.1021 0.375 0.1021 0.375
0.1043 0.451 0.1038 0.452
0.1065 0.323 0.1055 0.324
0.1109 0.190 0.1087 0.191
0.1154 0.172 0.1120 0.173
0.1201 0.139 0.1153 0.139
0.1249 0.133 0.1188 0.133
0.1508 0.298 0.1363 0.298
0.2124 0.496 0.1741 0.495
0.2848 0.518 0.2124 0.517
0.3663 0.513 0.2494 0.512
0.4549 0.491 0.2838 0.489
5.0802 0.495 0.5786 0.490
50.155 0.575 0.6095 0.569
500.31 0.543 0.6121 0.537
5001.8 0.541 0.6123 0.325
Fig. 10. Visualization of the corner and lip vortex growth with the dimensionless
slip coefﬁcient kl for an sPTT ﬂuid with e ¼ 0:25; Re ¼ 0:04 and De ¼ 1.
Fig. 11. Lip vortex growth for increasing values of the dimensionless slip coefﬁcient
kl for an sPTT ﬂuid with e ¼ 0:25; Re ¼ 0:04 and De ¼ 1.
Fig. 12. Variation of the lip vortex intensity Wlip with the dimensionless slip
coefﬁcient kl for an sPTT ﬂuid with e ¼ 0:25; Re ¼ 0:04 and De ¼ 1. Comparison of
the results obtained in the three meshes used.
(b)
(a)
Fig. 13. Variation of the Couette correction with the dimensionless slip coefﬁcient
kl for an sPTT ﬂuid with e ¼ 0:25; Re ¼ 0:04 and De ¼ 1. (a) Couette correction ðCÞ
normalized with 2sw . (b) Couette correction ðCÞ normalized with the wall shear
stress from the no-slip case, 2swno slip . Results obtained with mesh MC3.
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
l is nonmono-
tonic with a local minimum at kl  0:2 and subsequent increase
in length, in strong contrast to the Newtonian ﬂuid behavior. This
is a consequence of the competition between viscous and elastic
effects, both coupled with slip. At low values of kl , and as for New-
tonian ﬂuids, the viscous effects predominate over the elastic
effects and the reduction of the near wall shear rates associated
with slip leads to a local reduction of dissipative effects and to a
small decrease in XR (notice that a region of separated ﬂow is a
fairly effective means of locally dissipating energy). However, as
kl increases the elastic effects also intensify, leading to the forma-
tion of a lip vortex which grows slowly for low values of kl andmore intensely as kl increases, engulﬁng the corner vortex and
increasing in size. The increase in XR with k

l is asymptotic because
the growth of the elastic recirculation is not dominated by the near
wall forces, but by the normal stresses associated with the exten-
sional ﬂow in the central region of the contraction, so the vortex
ceases to grow above kl  100 when the elongational type of ﬂow
ceases to change with kl . Since the increase of slip reduces both the
near-wall viscous shear stress and the elastic shear-induced nor-
mal stress, we show in this way that the corner vortex is essentially
determined by viscous forces while the lip vortex and its growth
are essentially determined by the extensional elastic stresses in
the central region of the geometry.
(a)
(b)
Fig. 14. Variation of the normalized velocity and ﬁrst-normal stress difference
ﬁelds along the line y=H2 ¼ 0:9985 as function of the slip coefﬁcient kl for an sPTT
ﬂuid with e ¼ 0:25 and De ¼ 1: (a) u=U2 and (b) N1=ð3g0U2=H2Þ. Results obtained
with mesh MC3.
(a)
(b)
(c)
Fig. 15. Variation of the vortex dimension XR (a), vortex intensity WR (b) and the
Couette correction C (c) with De, for three different values of the slip coefﬁcient:
kl ¼ 0, kl ¼ 0:18 and kl ¼ 45 (the lines are only a guide to the eye and the reference
Alves et al. [19] refers to no-slip case). Results obtained with mesh MC3.
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increases with the increase of the slip coefﬁcient and this increase
is due at low values of kl to the reduction of viscous losses within
the vortex, already observed with Newtonian ﬂuids, followed sub-
sequently by the increasing effect of the enhanced elastically driven
lip vortex. The speciﬁc values of WR have to be analyzed with care,
especially when the corner and lip vortices co-exist given the dis-
tortion induced by each one on the other, with obvious conse-
quences in terms of accuracy. For the three meshes used we ﬁnd
that for kl ’ 0:03 the two vortices begin to merge until a single
and larger vortex is formed at kl ’ 0:3. Further increasing kl leads
to vortex growth and modiﬁcations in its curvature, as shown in
the streamline plots of Fig. 10 (obtained using mesh MC3).
For the lip vortex dimension Ylip, accurate results are muchmore
difﬁcult to obtain and require very reﬁned meshes. This happens
because the top part of the increasing lip vortex starts to rotate in
the counterclockwise direction (as seen in Fig. 11) meaning that
the results obtained for the Ylip are deceived by that rotation.
Regarding the lip vortex intensity, Wlip, Fig. 12 shows that it
increases with the slip coefﬁcient, but we could ﬁnd the existence
of a region of higher uncertainty at low kl . This happens in the cases
where the two vortices coexist and because their speciﬁc location is
very sensitive to the mesh characteristics. Finally, the lip vortex
becomes the main vortex above kl ’ 0:3 and high levels of vortex
intensity are obtained. The existence of two vorticeswith one vortex
engulﬁng and absorbing the other while increasing the elasticity
was also found by Xue et al. [17] for an Oldroyd-B ﬂuid employing
the no-slip boundary condition. These features were also present
in the high Deborah-number contraction ﬂows investigated by
Afonso et al. [22], in which the elastic lip vortex increases in size
and eventually reaches the corner vortex region, and merges with
it in a fairly complex dynamic process. This merging-growth regimeoccurs at De ’ 4:5 for the Oldroyd-B model with no slip, corre-
sponding to the minimum value of XR [22].
The Couette correction was also calculated and we found a simi-
lar dependence on kl as for the Newtonian ﬂuid, increasing with the
increase of the slip coefﬁcient as shown in Fig. 13 and in Table 2.
4.2.1.2. Variation of velocity and stresses near the wall. In order to
assess the effects of slip velocity on the distribution of velocity
and normal stresses, the streamwise components of these variables
were monitored near the downstream channel walls, along the
horizontal line y=H2 ¼ 0:9985. For the velocity, Fig. 14(a) shows
its smoothing with the increase of the slip velocity, except near
the reentrant corner where a large gradient is usually found. For
the dimensionless ﬁrst-normal stress difference, N1 ¼ sxx  syy
(normalized with 3g0U2=H2) we observe, in Fig. 14(b), higher val-
ues near the singularity at higher kl when compared to the no-slip
boundary condition case.
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The 4:1 contraction ﬂow was also simulated for more elastic
ﬂow conditions, including De ¼ 2;3;4 and 5. For higher values of
De convergence could not be achieved for high slip coefﬁcients.
This contrasts with the no-slip simulations of Alves et al. [19] with
the sPTT ﬂuid, which converged at least up to De ¼ 100, using the
same methodology. These results thus show that the slip velocity
strongly inﬂuences the convergence properties of the sPTT ﬂuid
ﬂow mainly due to the higher normal strain/stress gradients that
occur near the reentrant corner. Notice also that the computations
were performed on half of the domain, but it is known that the vis-
coelastic ﬂow through a sudden contraction of some viscoelastic
ﬂuids, like the Oldroyd-B ﬂuid, exhibits time dependency and is
no longer symmetric above a critical De [22]. For De ¼ 0;2;3;4
and 5 the results qualitatively follow the same trends of the
De ¼ 1 case, as shown in Fig. 15. Fig. 15(a) plots the vortex size
whereas Fig. 15(b) shows that the vortex intensity WR and the vor-
tex size XR both increase with the Deborah number for several con-
stant values of slip coefﬁcient ðkl ¼ 0;0:18;45Þ and also increase
with slip coefﬁcient at constant De. As an example, for De ¼ 5
WR  3 for the no-slip case, and increases up to WR  50 for
kl ¼ 45 (see Fig. 15(b)). For the modiﬁed Couette correction C
we see that the presence of wall slip velocity leads to an extra
pressure loss (C > 0).
5. Conclusions
Numerical simulations were performed for the ﬂow of
Newtonianandnon-Newtonianﬂuids past anabrupt 4:1planar con-
traction in the presence of wall slip. To model the non-Newtonian
ﬂuid the sPTT constitutive equation was used and slip on all walls
was described by the linear Navier slip law. Slip was found to have
a dramatic impact upon the dynamics of separated ﬂow upstream
of the contraction, especially for viscoelastic ﬂuids.
For the Newtonian ﬂuid the vortex decreases in size until it
eventually disappears with increasing slip velocity, even though
for weak values of slip a slight increase in vortex intensity was
observed. Although it seems unlikely for a Newtonian ﬂuid to pres-
ent these high levels of slip velocity, the results are helpful for the
interpretation of the slip effects.
For non-Newtonian ﬂuids the corner vortex tends to decrease
with slip, but only for low values of the slip coefﬁcient, along with
the formation of a lip vortex. As slip increases the lip vortex grows,
engulfs and absorbs the corner vortex, promoting an increase in
size and curvature modiﬁcation of the ﬂow recirculation boundary,
very much as previously observed with Oldroyd-B ﬂuids without
wall slip. It was also found that the vortex dimensions increase
with De, thus slip enhances signiﬁcantly the effect of elasticity
observed in the no-slip cases. For De > 5 it was not possible to
achieve convergence with wall slip, mainly due to the high stress
gradients appearing near the re-entrant corner. Considering that
in the absence of slip, and for the same constitutive model, Alves
et al. [19] were able to obtain converged solutions up to De of order
100 it is clear that the high Deborah-number problem is enhanced
by the presence of wall slip. These results are useful to interpret
and model ﬂuids subjected to slip boundary conditions such as
some polymer systems used in polymer processing industries.
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